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ABSTRACT

This thesis aims at producing a mathematical model that is
capable of identifying the amount of money that mnmight be
invested in certain activities in order to maximize the
probability of accomplishing a project and to develop a

heuristic to solve the model.

The thesis started with a general introduction afterwhich the
objective was identified. This was followed by 1literature
survey discussing the evolution of project management
techniques that are pertinent to the subject of the thesis.
Risk and uncertainties were also discussed because of their
strong relation to the probabilistic nature of the activities.
Three exact nonlinear models were developed, because of the
combinatorial nature of the activities, 1large number of
iterations will be needed to solve these models. A heuristic
was developed, which involved less computations if compared
with exact algorithms and was conducive to obtaining a good

solution.

To test and support the wvalidity of the heuristic, a
theoretical case study was introduced. The results were as
expected, however, testing the solution quality was not

conducted.

A computer program in Fortran was developed to solve part of
the heuristic, while the 1linear formulation part was solved
using the Quantitative Systems for Business (QSB) software
package.
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CHAPTER ONE

INTRODUCTION

Since the introduction of PERT (Program Evaluation and Review
Technique) and CPM (Critical Path Method), the use of the
network technique as a new management tool has spread rapidly
and with far reaching impact. Whether under the name of PERT
or CPM the same basic concept has been used for a wide range

of planning and control problems.
1.1 SIGNIFICANCE OF PERT

PERT 1is viewed as a major tool for the management of
nonrepetitive or one-time through programs. It represents an
important contribution to the family of management science, or

operations research techniques used in Project Management [1].

PERT is one of the techniques of management science where it
is possible, in the case of actual application, to achieve
payoffs with relatively wuncertain planning and control
problems. The two features of PERT which bring about this
advantage are the judicious use of three way estimates, which
represent a relatively simple approach to the prediction of
time unéertainty and flexibility of updating, which allow a

quick reaction to the impact of events as they actually occur,
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1.2 SINGLE VERSUS MULTIPLE TIME ESTIMATES

The desirability of the single time estimate compared with
three time estimates for each activity has been discussed a
great deal. Consideration of the background of different uses,
indicates that the desirability of one time estimate compared
with three depends upon the environment and the nature of the

application [2].

The single time estimate is appropriate in networks used in
the process and construction industries. On a construction
project, for example, we can expect that the activities or
jobs are well known and that past experience provides a basis
for a reliable and accurate time estimates. Therefore, using a
single +time estimate for each activity 1is a wvalid and

realistic practice [2].

In the defense and space industries, network planning is used
primarily in the research and development programs with a
large degree of uncertainty. Since many of the activities in
such projects have never been carried out before or have been
carried out only a few times under very different
circumstances, usiﬁg three time estimates to reflect this
uncertainty has definite advantages. The greatest advantage
comes in the initial uses of the technique, however; when thé
planner is sufficiently familiar with the networks, and has

gained confidence in using them, he can often use a single
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CHAPTER Two

LITERATURE REVIEW

Both PERT and CPM arrived on the industrial scene at about the
same time, and as essentially independent developments. Since
the basis work on CPM was done earlier, the subject of CPM

will be introduced first.
2.1 CRITICAL PATH METHOD {(CFM)

The Critical Path Method (CPM), was developed in 1957 by
Morgan R. Walker of the Engineering Service Division of Du
Pont and James E. Kelly [1]. Walker and Kelly were concerned
with the problem of improving scheduling techniques for such
project as the building of a pilot model plant and the
shutdown of a plant for overhaul and maintenance. After
considering the premise that all the activities of such
project must be executed in a well defined sequence, they came
up with the arrow diagram as the most logical representation
of the interrelationship between jobs for any project. Their
arrow diagram and method of calculating the 1longest or
critical path through it were the same as the PERT network and
critical path calculations. Kelly.and Walker used a single
time estimate, and did not go into the problem of uncertainty

in time duration of individual jobs [1].
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2.2 PROGRAM EVALUATION AND REVIEW TECHNIQUE (PERT)

The Program Evaluation and Review Technique (PERT), was
developed in 1958 in the Navy’s Special Project Office because
of the recognition of Admiral W. F. Raborn [1] that something
better was needed in the form of an integrated planning and
control system for the Fleet Ballistic Missile (FBM) program,
commonly known as the Polaris Weapons Systems [1]. Based upon
his support, a research team was established in 1958 to work
on a project designated as PERT or Program Evaluation Research
Task. By the time of the first Navy report on the subject,
PERT has become " Program Evaluation and Review Technique,"
and thus it has persisted until this day, when it has become
part of the everyday 1language of industry. D. G. Malcolm, J.
H. Rosenboom, C.E. Clark, and W. Fazar, all of the original
Navy sponsored fesearch team, were the authors of the first
publicly published paper on PERT, which was published in the
September, 1958, issue of Operations Research [1]. Because of
the complexity and size of the Polaris program, this original
research team decided to restrict the initial application of
PERT to the time area, which, as it turned out was a very wise

decision {1].

Since these original contributions to the development and

application of the network technique, the amount of literature

on CPM and PERT, and the number of management systems derived .

from them, has increased at an exponential rate. As of

*
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1963,any complete biblicgraphy on PERT and CPM would have
numbered entries in excess of a thousand [1]. In addition, a
compilation of the code names of the various PERT-type system

was made by the U.S.Air Force Systems Command in 1963 [1].

Although, this compiladtion contained many representation,
trend toward duplication and redundancy will remain to be
seen. One example of the reversal of this trend was the
withdrawal in 1962 by the Air Force of its code name PEP
(Program Evaluation Procedure), which was equivalent to PERT
[1]. In addition, the establishment by the Federal government
in 1962 of a uniform gﬁide on PERT/COST, has undoubtfully

helped reduce this trend [1].
2.3 STOCHASTIC ACTIVITY NETWORKS (SANs)

Stochastic activity networks (SANs) are widely used in
scheduling and management of 1large projects. However, the
analysis of such networks is greatly complicated by stochastic
dependencies among network components that arise, for example,
when some activities. are common to several paths or when
several durations are correlated [3]. Conventional analysis
techniques are based on restrictive assumptions about the
probability distributions of the activity durations or about
the topology of the network [3]; these assumptions generally
yield approximation of unknown accuracy. Because of its

ability to represent faithfully the dependencies among the
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components of a stochastic activity network and to yield
estimates of desired performance measures with controllable
accuracy, Monte Carlo simulation {3] is frequently the method

of choice for the analysis of such networks.

In the simulation of SAN, the usual objective is to obtain
point and confidence-interval estimators for the mean
completion time € of the network. If the random variable Y
denotes the completion time of a given SAN, then direct
siﬁulation simply computes the sample mean response Y from n
independent replications of the network to yield an unbiased
estimator of @ with var (¥) = var (Y)/n. Since the variance of
Y declines as the inverse of the sample size, a large number
of replications will uéually be required to achieve acceptable

precision [3].

Several variance reduction technigques have been proposed for
improving the efficiency of activity network simulations,
including conditional Monte Carlo, stratified sampling,
antithetic sampling, control variates, and combinations of
these techniques {3]. Some of the recent work has led to the
conclusion that in comparison to the other commonly used
variance reduction techniques, the method of control variates
is more easily adopted to a wide variety of network
configurations and has greater potential to yield large

efficiency increases in general applications [3].
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2.4 BASIC COMPARISONS BETWEEN CPM AND FPERT TECHNIQUES

The CPM and PERT methods are useful at variocus stages of
project management, from initial planning and analyzing
alternative programs to scheduling and controlling activities
of a given project. In eésence, these tools provide a means of

determining [4]:

1. Which of the many activities that comprise a project 'are
critical in their effect on total project time - this

determines basically what is called the critical path; and

2. how best to schedule all activities in the project in order
to meet a target date at a minimum cost - with or without
constraints concerning availability of resources and their

leveling.

The mechanics of analysis in CPM and PERT uses primarily a
geometric representation called network. A network (or graph)
is essentially a flow chart of activities or processes
(nodes), of which various pairs are connected by branches
showing the precedence relationship between them. One can
understand the correlation between a network représentation
and a project which consists of well-defined set of activities

that must be performed in some technological sequence. Most

commonly the system leads to a single last activity indicating:

completion. In CPM and PERT the branches are directed and no
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loops are permitted. Often another diagraming representation
is used where activities are represented on branches and nodes

represent events in time [4].

CPM method uses a deterministic approach whereby activity
durations are defined'in‘exact time, while PERT allocates a
probabilistic (unimodal beta function) distribution for
activity durations which therefore become random variables.
Thus, CPM is best applied to projects in which activity
durations and costs may be estimated accurately, while PERT is
best aéplied to research and development projects in which
many of the activities have never been performed before. The
PERT method seems to be most concerned with prediction before
the start of a job, while CPM, with its slack calculation, is

intended as a managerial tool during the course of a job [4].
2.5 COMPARISON OF NETWOR G METHODS '
KN 399603

The use of CPM and PERT methods has been widely accepted by
many managerial organizations. Howevef, these methods were not
able to handle some particularly important and very realistic
situations. For example, they ‘do not allow handling of
alternatives or conditionalities; they assume that all
activities must be completed. They do not permit the presence
of loops or feed backs used in repetitive processes or in
quality control problems. In PERT, the critical path maf have

a variance smaller than that of any other path, and inversely
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a second critical path may have a variance much larger than

that of the critical path [5].

In view of these deficiencies, newly developed networking
tools are being implemented in some speéialized sectors of
various industries. They include Decision Critical Path Method
(DCPM) , Linear Flow Graphs, and stochastic networks
jillustrated herein by Graphical Evaluation and Review
Technique (GERT) [5]. An exhibit comparing these methods as

well as CPM and PERT is shown in Table 2.1.
2.6 THE THREE TIME ESTIMATE TECHNIQUE

To gain a basis for estimating a range of times and to enlarge
the network predictivity, the planner may use an optional form
of time estimation which specifically provides for handling
the uncertainties involved in today’s accelerated projects.
Three time estimates-an optimistic, a most likely, and
pessimistic- for each activity could be recorded; these three
estimates are the basis for determining the uncertainties
involved and the probability that expected events will occur
as planned. These duration time estimates can be revised
periodically to reflect actual expendiﬁure or changes in the

rate of time use [2].
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2.6.1 The Optimistic Time Estimate:

This is the estimate of the shortest possible time which an
activity can be completed under optimum conditions. The
optimistic estimate assumes that the activity is accomplished
in the ideal environment, free of even the normal amount of

delays or setbacks [2].

2.6.2 The Pessimistic Time Estimate:

This is the estimate of the longest time it might take to
complete an activity. The pessimistic estimate assumes that
many things go wrong, all of the possible delays or setbacks

occur, and everything in general goes badly [2].

2.6.3 The Most-Likely Time Estimate:

This is the estimate which lies between the optimistic and
pessimistic; it assumes that normal cbnditions are encountered
in the activity. It anticipates a satisfactory rate of
progress but no dramatic breakthrough: in short. "business is

as usual [2]."

The differences between the optimistic, pessimistic, and most
likely are measured in terms of factors such as people making
errors, instructions lmisunderstanding , and encountering
unforeseen technical problems. Estimators exclude certain
factors from the estimation process when using the three time

estimates. Some of these factors are [2]:
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A} Estimates should be based on the actual or potential

manpower expected to be available for each activity. They
should not include any major manpower changes above the
expected level. Estimates should be based upon a uniform
workweek, and should be consistent with schedules and budgets
if available at this stage. Unless specifically authorized to
do so, estimators should not include vacation or other

absenteeism, overtime, or extended workweeks.

B) Estimates should be based upon the . best present
information about the technology, techniques and tools
available, as well as about the current scope of the work.
Planners - should make no allowances for technological
breakthrough, dramatic labor, or cost-saving developments,
drastic revision of the scope of the job, or improved method

expected for standard learning-curve improvements.

C) Managers should not allow for failure on the part of
interfacing activities, such as delivery of parts, release of

facilities, funding, or work authorizations.

D) The possibility df fire, flood, or local war should not be

considered in estimating.

E) It is important not to expand time estimates to fit
anticipated budgets as it is to schedule with the network and

to avoid expanding or limiting time estimates to fit arbitrary
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schedules.

When the planner uses three estimates, a single value will be
derived to represent the expected activity duration. This is
found by using a simple formula [6]:

a+ 4m+ b

t = = (2.1)

While the variance is found by using the following formula

[6]:
(2.2)

The first formula approximates a mean value for the three
estimates. The mean value derived is represented by the symbol
t_(expected activity time); and the optimistic, most-likely,

and pessimistic time estimates by a, m, and b, respectively.
2.7 USES OF THE PROBABILISTIC INFORMATION

Once the expected earliest time of an event Hoe and its
standard deviation o_o have been determined, it is possible to
use the probability theory to calculate the probabilities of
meeting a specific scheduled time for a node. Based on the
central limit theorem, the earliest completion for an event is
assumed to have a normal probability distribution with a mean

of B and a standard deviation of 0 o ON the assumption that

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



15

the path leading to this activity 1s long enough (i.e. in

excess of thirty activities) [6].

..+, £ are

For m independent tasks to be performed, ti;tz, o

the actual duration of each of these tasks. These durations

are random variables with true means Hoo Moo voey H and true
. 2 2 2 .

variance o, 0., <.+, O, and these actual times are unknown

until the specified tasks are performed.

For T = t1 + t2 +...F tm, T is alsoc a random variable and thus
has a distribution. According to the central limit theoren,
when m is large and the variables are independent. the
distribution of T is approximately normal with mean T,variance

V., and standard deviation aTgiven by [6]:

T = ”1 + u2 +...F um (2.3)
and
_ 2 2 2
VT = 01+ 02+...+ o (2f4)
o =V YV (2.5)
T T

That is the mean of the sum is the sum of the means; the
variance of the sum is the sum of the variances; and the
distribufion of the activity times will be normal regardless
of the shape of the distribution of the actual activity

performance times [6].
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2.8 STUDY OF THE ASSUMPTIONS USED IN THE ANALYSIS AND

SOLUTION IN THE FERT NETWORK

PERT has been successfully used in both industry and
government for sometime. However, methods and assumptions used
in the development of PERT are still subject to constant

discussion.

PERT is essentially a network analysis technique. Between each
two points in the network are given three time estimates for
completion. The two extremes are the optimistic and the
pessimistic estimates. The third is the mode of the time
distribution. This time distribution is estimated by the 8

distribution and defined by the function [7]:
£(t) = K. (t-a)%. (b-t)%, a<t<b& a, b>o0 (2.6)

It should be pointed out that the true distribution of the
‘times 1is unknown, so the above equation is Jjust an
approximation. There are, however, some bproperties of the
distribution that are known [7]. The first is that there are
two nonnegative abscissa intercepts. The second is that the
distribution is continuous. The third is that the distribution
must be unimodal. Because beta distribution possesses all of
the three qualities, it seems reasonable that it can be used

to approximate the true distribution of activity time.
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The first group of assumptions that should be considered are
those dealing with the specific activity times. The most
important of these' is the assumption that the beta
distribution approximates the true distribution over the fange
from the optimistic time estimate to the pessimistic time

estimate [7].

As was previously pointed out, the beta distribution does have
three characteristics of the time estimates, but there are
also some inconsistencies . Along with this, it is also
necessary to include the corollary assumptions about the mean

and the standard deviation [7].

From the equations of the beta distribution, there are four
variables (a,b,«,8). The variables a and b are the limits of
the distribution. The problem is that there are four unknowns
but only three equations to solve. To remedy this the
originators of PERT introduced the equation for the standard
deviation: (b-a)/6. The question is whether this is the best
relationship that can be developed. Assuming that there are
two independent random variables that are defined over the
interval (a,b). Statistically the standard deviation would be
42(b-a); however, the sum is definéd over the region (2a,2b).
In this case, the PERT assumption of (b-a) /6 predicts the

incorrect result of (2b-2a)/6 [7].

Thus far all the attention has been focused on the activity

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



18

times in a PERT network, but this is only one part of the
problem. There is a significant problem with the analysis of

the network as a whole.

The method used to find the project completion time
distribution is to find the path that has an expected value
not less than that of all the other paths. After this is done,
PERT assumes that the project duration is normally distributed
with a mean equal to the expected value of the largest path
and a standard deviation equal to the standard deviation of
the same path. Using these results, the PERT calculated means
is most probably lesser than the true mean, and the standard
deviation 1is usually greater than the actual standard

deviation [8].

Another possible alternative is to use an entirely different
probability distribution such as the gamma distribution which

is defined as follows [8]:

A A-1_—td
f(t) = st F(;) 0 <t <o ¥, A >0 (2.7)

=0 otherwise

The main advantage of using the gamma distribution is that the
parameters can be evaluated by only two time estimates instead
of the three that the beta distribution requires. These

estimates can be intermediate points which are easier to
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establish than precise end points of an unknown distribution.

The last alternative deals with this subject of just what time
estimates have to be. If the meaning of a and b are changed
to some percentage point instead of an absolute extreme, the
results should be more accurate. When an extreme is estimated,
it is often necessary to extrapolate to get values, but if the
0.025 and 0.975 points of the distribution were to be

estimated, it may be easier to get accurate results [8].

2.9 CRASHING IN CPM

Generally, we are faced with the problem of ending the project
in a specific period of time; according to the activities
normal resources, it will be difficult to end the project
according to the specified date, so a time/cost trade off
could be used. Utilizing the two time/cost estimatés procedure

we have the "normal" and "crash" time/cost estimates.

Based upon the relationship between time and money (i.e. the
shorter the time the higher the cost, and the longer the time

the smaller the cost), these two estimates can be defined as

follows [6]:

1. Normal time and cost: The duration to complete the project

requiring the least amount of resources or money.
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2. Crash time and cost: The minimum possible time to complete

the activity and the associated increased cost.

Since each activity is assigned a duration range and related

cost, obviously there is a range of durations available for
the project depending upon the individual time selections for
each activity. Each one of these various project durations

also presents a different a project cost.

2.9.1 The Development of Activity Cost Curves:

There is a direct relation between the time and cost for any
activity. This relationship takes into account the man force,
the resources, method used, and the efficiency achieved. The
requirements of the critical path method is not to produce
such a curve, but to estimate two important points on the

curve. These are the "crash" and "normal" points where {[6]:

1. For the "normal" point normal cost is given as the minimum
job cost, and the associated minimum time is defined as normal

time.

2. For the "crash" point crash time is the minimum possible

time, with crash cost being the associated minimum cost.

CPM approximates nonlinear cost curves by a linear function
between the normal and the crash durations by assuming a

constant slope for the entire activity. This is usually a
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reasonable approximation of a nonlinear cost curves. If
greater precision is desired (and if cost data permits), a
more precise approximation of the nonlinear function is
possible [6]. |

<

2,10 MATHEMATICAL OPTIMIZATION OF THE NETWORK SYSTEM

The basic project representation used in CPM and PERT is the
activity arrow diagram. For notational convenience letter i
will be associated with each node or event. Then each activity

is uniquely defined by a node pair (i,7J).

A time/cost curve is ‘assumed to exist for each activity. It
will be assumed that all +the . curves are nondecreasing,

convex, and can be approximated by a straight line of the form

[6]:

2y T3y ¥y, YR a4y 3

1A
o
o
v
]

(2.8)

Where Zlj is the cost associated with the activity defined by

the node pair (i,3}), a is the slope and b is the y intercept.

Furthermore, the crash duration dU and the normal duration

DU obey the relationship:

2.9
ogdus_y”_-s,DlJ ( )
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.the overall project direct cost is found by summing 2 for

all u,» e (project activities) p for the particular set of

scheduled yiJ of interest thus:

Project direct cost =(§’”Ep(a”yij-+ bU) (2.10)

The problem to be considered here may be stated as follows

[6]:

Minimize r Z = ¥ (aUy1

(1, ))ep (T, ))€p ) (2.11)

+ b
i 1]
subject to:

Where t“ tJ are the earliest occurrence times for the ith and
jth events, and tn is the earliest occurrence time for the
last (nth) event of a project containing n+l1 events. The
problem is to find a set of Yy, and a resulting minimum
project direct cost for each possible value of A in the
interval in which A is defined. The process of generating such

schedules is called project expediting [6].
2.11 METHODS USED TO SOLVE MATHEMATICAL FORMULATION

2.11.1 Brute Force:

The initial attempt to expedite a project under the stated
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The major difficulty encountered in formulating a parametric
linear program is the introduction of the parameter A. It
appears that this can.be accomplished if thg ylj’s are summed
" along each path from the initial to the terminal event and
restrict the sums to be less than or equal to A (where A 1is

the total project duration) [6].
The parametric programming formulation thus becomes [6]:

Minimize z

(1.j)Ele.J=(%i.J)Ep(aijyi + b)) (2.12)

] 1}

subject to:

for all activities

A

for all paths

There are standard parametric programming algeorithms that can
be applied to this formulation. There are, however, some major
disadvantages to the parametric programming formulation. It
requires that all the paths in p from the initial to the final
event be identified. For large projects it is obvious that the
total number of paths is very large and it becomes difficult
to identify all the paths. A second disadvantage is that,
computationally the formulation is not very efficient. The

coefficient matrix of the 1linear programming formulation
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consists mostly of zereos so that much of the computatigh deals
with zero elements which contain no useful information

concerning the project [6].

2.11.3 The Flow Approach:

After formulating the primal linear program, a dual program
having the characteristics of the flow program can be derived.
The flow program is then solved by efficient flow algorithms
rather than by the highly inefficient standard 1linear

programming methods.

In 2.11.2 a linear programming formulation of CPM problem was
given. A slightly different formulation in this part will be
used. First the objective function will be considered. The

cost of each activity will be described as follows [6]:

Activity (i,j) direct cost = KiJ - CleJ
where:
Klj is the y intercept of the cost curve for activity (i,3J),
CU is the absolute value of the slope of the cost curve for
activity (i,3), and

ins the duration of activity (i,3).

The objective is to minimize the sum of all the activity costs

which is expressed as follows:

Total direct cost = X §(KU—CU x”)

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



26

Sinco the eum of the K terms ig constant, the minimization of
the total direct project costs can be accomplished if we

maximize the following expression:

3 S %

The linear programming formulation becomes [6]:

Maximize f(x) = % § CIJ X, (2.13a)
subject to:
T+ Xy T TJ < 0 for all ij (2.13b)
Ly < DlJ for all ij (2.13c)
—xlJ < -dlj for all ij (2.13d)
T -T <t (2.13e)

Where:

T, denotes the earliest expected time for node k to be
realized,

‘DUis the normal duration for activity (i,j),

d“is the crash duration for activity (i,Jj), and

T is a parametric variable which is used to restrict the

project duration.

The first set of constraints (2.12b) apply to each activity
(i,3) and state the difference between the earliest node

times, T, and Tj, must be at least X, 0 which is the scheduled

-
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duration of activity (i,j). Equations (2.12c) and (2.12d)
imply that x is constrained to lay between its normal and
crash time. Finally Equation (2.12e) guarantees that the time
between the realization of the start node, T, and the
realization of the sink node, Tn, is less than or equal to the

project duration T [6].

As discussed previously, this problem could be solved by the
simplex method, which finds the optimum schedule for different
values of T. The simplex procedure will prove less efficient

than the flow algorithm that will now be developed.

The first step in the development of the flow algorithm to
solve this system is to find the dual of the problem just
presented. Different dual variables will be used for each set

v and

of equations in the primal problem. f "

13!
chorrespond to Equations (2.13b), (2.13c¢), and (2.134),
respectively, while the dual variable for Equation (2.13e) is
y. Since all the primal variableé are unrestricted in sign and
the primal constraints are all inequalities, the dual
constraints are equalities and the dual variables are all
sign-constrained. The dual formulation becomes [6]:

Minimizg g(f,v,w,y) = ty + X % DlJ Vi, T b § d1j v (2.14a)
subject to:

T, - f,) = 0; i=1,n (2.14b)
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flJ + vlJ - wlJ = Cij for all 1j (2.14c)

y >0 for all ij

The first set of constraint Ed. (2.13b) has a flow
interpretation. The equation imply that there is a flow of y
out of the socurce node and an egual flow into the sink. All

intermediate nodes have conservation of flow.

Recently, a new approach has been suggested to solve the
maximum flow problem that does not construct layered networks
but instead maintains distance labels [9].. In formally a
distance label of a node is an integral lower bound on the
length of the shortest augmenting path from that node to the
sink. A distance labei is called exact if it equals the length
of the shortest augmenting path. If a distance label is not
guaranteed to be exact, then it is called approximate. The

algorithms that utilize distance labels are referred to as

distance-directed algorithms [9].
2.12 OPTIMAL TIME-COST TRADE-OFF IN GERT NETWORK

The problem of optimal-cost trade-off in a deterministic
networks can be simpl'y stated as of optimally investing a
fixed amount of money to achieve the maximal reduction in the
duration of the project. Alternatively, the problem may
consist of calculating the minimum additional investment

needed to reduce the duration of the project (or a subset
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2.13 RESEARCH METHCDOLOGY

For achieving the objective of this thesis, the following
research plan is to be followed in order to investigate the
economics of reducing the variance and/or the expected value

of the duration of the project to achieve better prediction:

1- Identify and formulate the problem mentioned in writing.

2- Identify the constant parameters and variables involved

through introducing symbols to represent each one.

3~ Select the variables that appear to be most influential.

4~ State the relationships among the variables based upon

known principles.

5- Construct the model by combinihg all relationships into a
system of symbolic relationships.

6- Perform symbolic manipulations.

7- Derive solutions from the model.

8- Test the model.

g9- Revise the model.

If the resultant model was difficult to be solved, a heuristic
would be developed to speed up the process of reaching the
optimum solution or to find a good solution not guaranteed to

be optimal.
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2.14 SUMMARY

Due to the scarcity, or even the absence of the subjects
dealing with the crashing in PERT networks, The subjects
discussed in the chapter, with the exception of El-Maghraby
attempt, are lacking previous work on this subject. The topics

are merely basic concepts on CPM and PERT.

At the beginning a brief historical review of CPM, PERT, and
SANs are introduced followed by comparisons between networking
techniques. Concerning PERT networks, several topics are
presented, these topics involve: Identification of the three
time estimate technique, the uses of the probabilistic
information, and the assumptions used in the analysis and
solution in the PERT networks. The concept of crashing with
the development of aétivity cost curves are then introduced.
Three methods: The Brute Force, the Linear Programming
Approach, and the Flow Approach, are used as an example for
the methods used to solve mathematical formulation. As an
example of stochastic networks, the optimal time-cost

trade-off in GERT networks is presented.

The last section identify the research methodology that will

be followed for achieving the objective of the thesis.
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CHAPTER THREE

EVALUATION OF ProJecTs UNDER Risk AND UNCERTAINTY  CONDITIONS

Since the model that will be developed is of probabilistic
nature, it is worthwhile to bring up the subject of risk and

uncertainty.
3.1 DIFFERENCE BETWEEN RISK AND UNCERTAINTY

The classical distinction between risk and uncertainty is that
an element or analysis involves risk if the probabilities of
the alternative, possible outcomes ére known, while it is
characterized by uncertainty if the frequency distribution of
the possible outcomes is not known [11]. The distinction
between conditions of assumed .certainty, risk, and uncertainty

for a project life is portrayed graphically in Figure 3.1.

Risk Uncertainty

p= 7 yesars . .
Project life Project life

Assumed certainly

p= 1.0-"

7 years
Project life

Probability .
Probability
Probability

Figure 3.1. Illustrations of Assumed Certainty, Risk, and

Uncertainty as Applied to Life of a Project [11].

Another 1less restrictive distinction between risk and

uncertainty is that risk is the dispersion of the probability
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3.3 RISK AND RETURN TRADE OFF

It is generally accepted that the riskier a project, the
higher the apparent‘ return it must promise to warrant
acceptance. It would be desirable to determine differential
risk allowances which would reduce all project to common
basis. This cannot be done precisely, however, for the
statement of differential risk allowances is very much a

matter of subjective judgment [11].

Before a firm can make investment decision to include
allowances for risk, the firm’s policy toward risk should be
determined. The amount of a risk a firm is prepared to
undertake to secure a given actual or apparent monetary return
is a general question of values. There is no rational or
logical criterion by which the choice can be made. Rather,
this is largely a function of the preferences of the
decision-maker of the firm and the amount of risk to which the

firm is already exposed [11].

In general, the relationship between the expected return,
which is a function of the expected duration, and risk (degree
of variability of the return) can be represented as in Figure

3.2.
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Expected return

Risk

Figure 3.2. Relationship Between Return and Risk.[11]
3.4 EFFECTS OF RISK AND UNCERTAINTIES CON CAPITAL PROJECT

There are a humber of procedures for describing analytically
the effect of risk and uncertainty on capital projects. Such
procedures are generally categorized as sensitivity or risk

analysis.

Sensitivity analyses are performed when conditions of
uncertainty exist for one or more parameters. The objectives
of a sensitivity analysis are to provide the decision-maker
with information concerning the behavior of the measure of
economic effectiveness due to errors in estimating various
values of parameters and the potential for reversals in the

preferences for economic investment alternatives [12].

Typical parameters for which conditions of risk can reasonably
be expected to exist include the initial investment, yearly

operating and maintenance expenses, salvage values, the 1life
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of an investment, the planning horizon, and the minimun
attractive rate of return. The parameters can be statistically

independent, correlated with time and/or correlated with each

other [12].
3.5 DECISION CRITERIA AND METHOD FOR RISK ANALYSIS.

Several decision criteria will be described, in which most of
the criteria apply to ciassicai risk problems in which
probabilities of various outcome can be estimated, however,
the first two criteria can be applied to decision problems

even when the probabilities are unknown [11].

A) Dominance criterion or elimination check. The first step in
making a decision when the results for all alternatives and
states of nature can be guantified is to eliminate from
consideration any unpreferred alternatives irrespective to its
state of nature. If the result for any alternative, X, is
better than the result than some other alternatiﬁe, Y, for all
possible state of nature, then alternative X is said to
dominate alternative Y, and thus Y can be dropped from further

consideration.

B) Aspiration level criterion. The aspiration level criterion
involves selecting some level of aspiration and then choosing
so as to maximize or minimize the probability of achieving

this level. An aspiration 1level is simply some 1level of
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achievement (like profit) the decision-maker desires to attain

or some level of negative results (like cost) to be avoided.

C) The most probable future. The most probable future
criterion suggests that as the decision-maker considers the
various possible outcomes in a decision, he overlooks all
except the most probable one and act as though it is certain.
Many decisions are based on this principle, since, in fact,

only the most probable future is seriously considered.

D) Expected value criterion. Using the expectation principle
and thereby choosing so as to optimize the expected payoff or
cost simplifies a decision sitﬁation by weight 1in dollar
payoffs or costs by their probabilities. The criterion is
often known as the expected monetary wvalue. As long as the
dollar consequences of possible outcomes for eéch alternative
are not very large in the eyes of the decision-maker, the
expectation principle can be expected to be consistent with a

decision-maker behavior.

The general formula for finding the expected outcome of a
variable x for any alternative, A, having k discrete outcomes

is [11];

k
E{x] = §1 xj.p(x} (3.1)
where

E[x] = Expected value of x
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t
X, o= 3th outcome of %
p(xj) = Probability X occurring.
E) Expected-variance criterion, The expected-variance
criterion or procedure, involves reducing the economic

desirability of a project into a single measure which
indicates consideration of the expected outcome as well as

variation of that outcome.

One single example is [11]:

Q = E[x] - A.0[x] (3.2)

Where
Q = Expectation—variande measure
E[xX] = Mean or expected monetary'outcome
oc{x] = Standard deviation of monetary outcome

A = Coefficient of risk aversion

The variance of a variable, x, for any alternative having k

discrete outcomes is [11]}:

ok
V(x] = (x - E(x])° p(x)) (3.3)

Where V[x] = variance of x and all the other symbols were

defined with Eg. (3.1).

There are innumerable other expectation-variance criteria

which can be applied depending on the risk preferences and
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sophistication of the decision-maker.

F) Certain monetary equivalence criterion. An offshoot of the
expectation~-variance criferion is- to be subjectively
determined the certain monetary equivalence of any set of
results for any alternatives. The certain monetary equivalence
is merely the monetary amount for certain at which the
decision-maker would be indifferent between that amount and
various possible moﬁetary outcomes. This concept 1is very
useful in practice and can be applied to situations involving
gains or losses. while it can be most meaningfully applied to
risk situations in which various payoffs or cost and their
respective probabilities are known, it can also be used in
situations involving uncertainty regarding payoffs/costs, or

probabilities, or both.

G) Expected utility criterion. The expected utility criterion
or method has particular usefulness for analyzing projects in
which the potential gain or loss of significant size compared
to the total funds available to the firm. Most specifically,
if the marginal utility or desirability of each dollar
potentially to be gained or lost is net a constant, then the
utility'of dollars is relevant, and then it may be worthwhile
to use the expected utility method rather than the

probabilistic monetary method.

The expected utility method consists of determining the
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cardinal utility, such as the relative degree of usefulness

or desirability to the decision-maker, of each of the possible
outcomes of a project or group of projects on some numerical
scale and then calculating the expected value of the utility

to use as the measure of merit.
3.6 EXPECTED VALUE OF SAMPLE INFORMATION

3.6.1 General Model for Risk and Uncertainty Problems:

In order to provide a framework for the subsequent discussion,
it is useful to employ a general model of decision problems in
which there are various possible outcomes (called states of
nature) in combination with several alternative actions. Aas
depicted in Table 4.1, m mutually exclusive investments
alternatives, {A}, and k mutually exclusive and collectively
states of nature, {SJ}, have been identified. The outcome,
R”, is normally expressed in equivalent durationé, return, or

costs, but it can be in any measure. This tabular mnodel is

often called a payoff table [11].

Referring to the previous table, for every alternatives there
are different state of nature and there respective
probabilities. These probabilities were put with no previous
information regarding the future. Giving additional study or
sample information the respective probabilities will be
changed in a matter related to the additional information,

resulting in the expected value of sample information (EVSI).
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Table 3.1, General Model for Risk and Uncertainties

Problems
State of nature
{(Probability of state)
S1 S2... Siean Sx
Alternatives P(S51) P(Sz2) P(S)) P(5kx)
A1l R11 Ri2 Ri1} Rik
Az R21 Rzz Rz2j Rzk
At Rt Rt 2 Rt} Rtk
Am Rm1 Rm2 Rm ) Rmk

The maximum possible EVSI is the expected value of perfect
information (EVPI) and the expected loss due to imperfect
information as to what will be the state of nature in a
situation involving risk. Interpreted another way, the
expected value of perfect information is the amount which
would be gained, on the average, if the future regarding a
particular situation became perfectly predictable and decision

changed to the optimal choices based on the new known

conditions [11].
3.7 RISK INTERPRETATION FOR PERT NETWORKS

As stated previously, risk is the dispersion of the

probability distribution of the element being estimated, and

since in PERT the durations are random variables having

expected value and variance, the variance is considered as the

risk associated with that activities.
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The optimistic, pessimistic, and the most likely estimates can

be depicted in a way similar to Table 3.1 In other word, the
three estimates could be viewed as three states of nature or
three possible outcomes in combination with several
alternative actions. As depicted in Table 3.2 n mutually
exclusive durations alternatives, {Bl}, and three mutually
exclusive and collectively stétes of nature. The combination
of action B, and the state of nature yields a net result D”,
where DU is expressed in time unites.

Table 3.2. General Model for Risk in PERT Activities

State of nature
(Probablilty of state)

Alternatives Optimlstic Most llkely Pessimistic
1/6 41/ 6 . 1/6
B1 Di1 D12 Dis
Bz Dz1 Dz2 D2z
: . : .
Bt Dt Dtz Dt2
Bn Dn1 Dn2 Dn3

where the expected value for each alternative is
E[Bt] = 1/6(Dt1) + 4/6(Dt2) + 1/6(Dt3) (3.4)

Which is exactly the same as the ordinary expected value of

PERT activities.

Adding more information or future regarding a particular
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situation becomes predictable, changes the previous
probabilities in such a way that the optimistic and

pessimistic duration will be more close to each other.

'Since the variance depends on the difference between the
optimistic and the pessimistic duration estimates, the
variance will be reduced as a result of adding additional

information and tantamount the risk will be reduced.

The effect of reducing the variance by additional information

and other factors on the cost, will be cleared in Chapter

Four.
3.8 SUMMARY

Project initialization needs activities identifications. For
each activity, several alternatives might be available. The
choice of the best alternative needs evaluation of

alternatives under risk and uncertainties conditions.

Risk is the dispersions of the probability distribution
function of the element being estimated or calculated outcomes

being considered.

The chapter includes the difference between risk and
uncertainties, causes of risk and uncertainties, risk and

uncertainties trade off, the effects of risk and uncertainties
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on capital projects, and the expected value of sample
information. A special section is devoted for the sake of
introducing the different decisioﬁ criteria and methods used
for risk analysis. The last section illustrates how the risk
can be interpreted for PERT networks and how the expected
value of the beta distribution can be related to the expected

utility criterion.
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CHapTER FoOUR

PROBLEM FORMULATION

Recalling our objective, which is the determination of ﬁhe
optimal allocation of a fixed amount of funds K among the
remaining activities such that the probability of realizing

the terminal node on or before a specified time is maximized.

The same objective can be stated differently as achieving a
predetermined target probability of realizing the terminal
node on or before a specified time with the minimum amount of

fund K allocated among the remaining activities.

4.1 GENERAL ASSUMPTIONS

Referring to Egs (2.3) and (2.4) and the assumptions involved,
the probability of meeting a schedule time Ts for a particular
event can be calculated by visualizing a normal distribution
centered at Mo as_illustrated in Figure 5.1. The probability
of meeting the desired scheduled time Ts is obtained by

finding the area under the normal curve to the left of Ts.

g TE'
Probability of
mecting schedule

N

”

W
/.".'/ /I’:'

NI

N

Hﬂ

: 1T,

Figure 4.1. Calculating the Probability of

Meeting Schedule [6].
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The familiar Z statistic of the normal distribution can be

calculated by realizing that Ts = u_+ 20_. Therefore [6]:

Ts - u ‘
7 = TE (4.1)

o
TE

The 2 value can be converted to a probability by means of

Table A.1.

Considering the previous equatibn, and fixing the value of Ts,
the 2 value is function of both the expected value and the
variance. Increasing the probability necessitates the
reduction of the expected value as well as the variance (the

risk involved).

Since the variance and the expected value are independent,
each one will be investigated alone, followed by an

integrating model consisting of the two.

4.1.1 Expected Value:
The assumptions that will be used in this section, are the
same assumptions used by El-Maghraby [10] GERT model mentioned

in section 2.12.

In a manner reminiscent of the study of optimal time cost
trade-off in the Deterministic Activity Network, it will be
assumed that each activity (ij) in the network has an

associated "normal" expected duration, u and a ‘“crash"

135’
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expected duration, 1. The worde "eypected duration" are used
advisedly to indicate the mathematical expectation of a random
variable (RV). That is to say, under "normal" pace of
operation the actual duration of the activity is a RV whose
expected value 1is given by “11' on the other hand, under
ncrash" pace of operation, the actual duration of the activity

is also a RV variable whose expected value is 1iJ [r10].

It is further assumed that the cost of performing the job

varies with (i.e., is a function of) the actual duration of

3 is a monotone

nondecreasing function of the duration Y1J [10];

the activity. Specifically, the cost C,

CU = Y (Yij) (4.2)

Since YIJ and 1lJ are assumed to be RVs, so will be CU'

Denote its expected value by E [C”] =7,
Now suppose that an additional amount r, is invested in
activity (ij) in order to shift its level from one (slow)
level to a faster one. Then the distribution of the activity
duration is expected to be shifted to the left by some amount
depending on the sensitivity of the average duration to
investmént. It is worthwhile to say that if such shift in
average duration is not realized for any r, > 0, it would be
futile to invest any sum in the first place. Let the decrease

in the average duration be a function ¢ of the additional
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investment r”; hence the new mean duration is given by[10]:

~

p. =E (Y

Y L) =y m e (4.3)

While the new expected cost denoted by E [au(ru)], is [10]:

7, = E(&,(r,)1 = E W, (Y01 + x5, (449
Equation (4.4} is different.from the Equation (2.8) concerning
the Deterministic Activity Network, in that the cost in the
former equation is function of two varlables, the additional
investment r1J which results in shifting the expected duration
to a faster level and the actual cost of this activity at this
. The

level which is still a function given by Equation (4.2).

relation among the various parameters are depicted in Figure

4.2.

Average

cost ij
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T T ‘\\
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= _ B b
ML LR ~ faly!)
™ - "'..__\
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duration

e o o "
{Crash level) Shift in mean {Normal level)

Figure 4.2. Relations Between u” and 7” [10].
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Developing more precisely the concept of the additional

investment r, in activity (ij).

Suppose that the duration Y possesses a Probability Density
Function (PDF) Fr(y), where the subscript r emphasizes the
dependence of F on the level of the additional investment r
where F_(Y) is the raw density function. Hence the expected

cost is given by [10]:
v = 2 ¥ (y) dF (y) (4.5)
Where a and b are the limits on the values of the duration y.

If an investment r is made in that activity, the new average

cost is given by [10]:

~ b ~ ”~ ~

vy =1 + [, ¥ (y) dF _(¥) (4.6)
Which may be larger or smaller than 7.

Considering the-case in which'; < 7. This means that even
after an activity (ij) has received an additional investment
r, its expected cost is less than its cost before the
additiénal investment. Then it must be true that the savings
in cost due to the reduction in time more than offset the
additional investment of r. Therefore there must exist an

initial investment r’ corresponding to the minimal cost
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¥°[10],

~

L mén [r+ 2 (§) dﬁr(§) 1; 0 <Tr < w (4.7)

So activity (ij) should be invested in by the additional
amount r’ immediately regardless of any desired reduction in

the expected duration of the whole project.

As a result of the above analysis, it is assumed that the
nzero" level of any additional investment incorporated r’,
such that the average cost of the activity is always
increased. Furthermore, an additional .investment in one or
more activities is made for the explicit purpose of reducing

the total duration to the realization of a specific terminal

node.

To avoid the above mentioned discussion, It 1is assumed that
the the functions ¢ and ¥ can be approximated in the region of

interest by linear functions with negative slopes [10].

Following the previous discussion, the means ﬁ of Eqg. (4.3)

becomes [10]:
g =y + qr; -u/r <gq <90 (4.8)

and ; of Eq. (5.4) can be derived as follows [10]:
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E [rno + m;{ ] +r (4.9a)

>
I

1)

E [m] + nE [§U] +r (4.9b)

>
Il

substitﬁte the value of E [QU] = ﬁ = + gqr in (4.8-Db)
§%mo+m {1 .+ gr) + r (4.9c)
Which is equivalent t?:
§=ino+m(ﬁ) + T (4.94d)

Eg. (4.8c) can be rewrite as follows:

; = m + my + mgqr + r (4.9e)
or

¥ =7 + r(mg +1)

; = 7 + br; b=mng + 1 (4.9f)

Where q < 0 is the marginal decrease in the level of the
activity per unit increase in investment in the activity, m,
and m  are the linear slope and the y intercept of the

function ¥ respectively.

For the linear case as given by Egs (4.8) and (4.9f), it is

possible to develop explicit expressions for the expected
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duration to the realization of node n, E [%nl], and the

~

expected cost of reaching n E [C ] in terms of the

1}
investments {rlj} in activities (ij)}.

Let n* denote the kth path from starting node 1 to terminal
node n, and Y denote the duration of path nk.CIearly, taking
into consideration the central limit theorem, ¥* is the sum of

the independent RVs {YU} of the duration of activities along

" [10],
Y= ¢ Y,
ape'n
E ['rm]k = E [Z¥,)
= Z(E [¥])
Th)gir ; Hiy (4-10)
Now replacing U with ﬁ” = u”+ d, Ty, and with

simplification the following is obtained [10]:

O =E[T )J=E[T 1+ I ,d4 T
nl nl ni (15)€ Tl'k 1] 1]
M, =1L A R L P (4.11)

une n- ape m
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Similarly [10],

¥ = ¥ . 7, + ¥ b r, (4.12)
(1pe m e

Where Egs (4.11) and (4.12) are the maximum expected duration
over all the paths and the expected cost associated with this

path respectively.

The initial expected wvalue is .calculated according to the

following Egs.

u = E [Yij] = X YUp(YLﬂ {4.13)

for discrete RVs, and

_ _ b
wy, = E[Y )] =) Y F(Y )ay (4.14)

for continuocus random variables.

4.1.,2 Variance:

As was mentioned above the pfobability is indirectly
proportional with the wvalue of .the variance or the risk
involved. The variance can be eliminated when the state of
nature - is predictable and this; of course, will need
additional information, and its financial consequences or
(cost of information). The reduction in variance is

proportional to the amount of cost that is function of the
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additional information.

The additional information could come from a new precise
instrument for better prediction of weather conditions, expert
people in the field of activity, "Spy" satellites, and remote
sensing equipment.

Obviously, these information have an initial investment and

operating cost.

The variance equations are derived in a similar manner as the
expected value, where the additional amount r, is invested in
activity (ij) in order to reduce the variance. The variance
will be reduced by some amount depending on the sensitivity of
the variance on the investment. Letting the decrease in the
variance be a function a« of the additional investment rly
hence, the new level of risk is given by:

3 = ¢° - a(rlﬂ {(4.15)

If the function « can be approximated in the region of
interest by a linear function, then the new variance of Eq.

(4.15) becomes:
-~ 2 2
c- =0 + sr ; -g°/r < 5 < 0 (4.16)

Where s < 0 is the marginal decrease in the 1level of the

variance per unit increase in the investment.
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In a similar manner the new cost associated with reduction of

the variance is:

B = n + ncrfj + nsr + r (4.17)
where n and n_ are the linear slope and the y intercept of a
linear function &, in the region of interests, which relates

the cost with the variance.

The total amount invested for each éctivity will egual the
amount invested in order to reduce the duration plus the
amount invested in the reduction of the variance. The sum of
the two investment should be less than or egqual to the amount

available for that activity.
4,2 CONSTRUCTING THE MODEL

The three basic steps in a constructing a linear programming

model are as follows:

Step I: Identify the unknown variables to be determined
(decision variables), and represent them in terms of algebraic

symbols.

Step II: Identify all the restrictions or constraints in the

problem and express them as 1linear equations, if the

formulation is linear, or inequalities which are functions of
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the unknown variables.

Step III: Identify the objective or criterion and represent it
as a function of the decision variables, which 1is to be
maximized or minimized. -

Three different formulation alternatives are introduced. Each

will be discussed in terms of:

A) Application.
C) Advantages and shortcomings.'

D) Time and ease of solution.

4,2.,1 First Alternative:

In this alternative, the Flow-Network approach is adopted.
Activity Networks of concern possess no "flow" of a uniform
commodity through them. In fact the network is a
representation of heterogeneous number of activity or tasks
that combine to realize certain events. However for the
purpose of determining the critical path, it is possible to
view the network as a flow network in which a unit flow enters
the origin 1 and exits at the terminal n. The duration of each
activity YU, can be interpreted as the time of transportation
of the commodity from node i to node j or, better still, as
the ufility of such transportation. Naturally, all
intermediate nodes act transshipment centers. Under such
interpretation, determining the critical path, which is the

longest path, is equivalent to determining the path of maximum
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utility from 1 to n [10].

Step I: Identify the Decision Variables. The unknown
activities to be determined are the amount invested on each
activity for expected value, and variance reduction.

Representing them by algebraic syﬁbols.

reU———Amount invested lfor expected value reduction in
activity (ij).

rvU———Amount invested for variance reduction in activity

(i3) -

Step II: In this problem the first constraint is the limited

availability of the total amount that should be invested.

¥ (re + rv, ) =K ' (4.18)
(1) 13 i

where K is a fixed amount of fund available for the project.

Similarly, there is an upper 1limit on the amount to be

invested in activity (ij).
0 <re < re (4.19)
0 <rv,_ <rIVv ' (4.20)

where fai and ;;U are the upper limits on the amount to be

Jl'
invested in activity (ij) for expected value and variance
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reduction respectively.

In addition, there are the flow conservative constraints, in
which the convention that flow into a node is negative and

flow out of a node is positive is adopted.
X >0 (4.21a)
P x. =1 (4.21b)

for all set of nodes i connecting from 1 (i.e., occur after )

-Lx, +Lx =0, j=2,3,...,n-1 (4.21c)

J Jk

for all set of nodes i connecting - to j and k (i.e. occur
immediately before j and k)
- §x = -1 - (4.21d)

for all set of nodes i connecting to n (i.e. occur immediately

before n)

Step I1I: The objective function at this stage is to minimize

the probability, in order to find the most critical path (i.e.

least probable) subject to the above mentioned constraints.
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The above formulation will give, at the end, the path with the
minimum 2 value (i.e. minimum probability), when we invest the

total amount available K.

After the identification of this critical path, then this path
should be maximized in term of the probability and the total

fund. So the formulation becomes as follows:

T - (1 )

(11)€ c

Maximize 2 = =
VI (63

Subject to

¥ reij'+ Yrv, < K

i) 1)

where ¢ 1is the «critical path found from the initial

formulation.

A) Application. This formulation is best suitable for the
cases ﬁhere there is one criticél path, in other words, when
all the paths have probability greater than the required
probability except one path. So the most critical path is

first identified by the first formulation followed by the next
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formulation where the same critical path is maximized.

B) Advantages and shortcomings. The advantages of such an
alternative are two: First, the whole body of literature on
network flows and LP, which is important, can be utilized to
answer many questions (e.g., sensitivity analysis to activity
durations and variance) deemed of interest in the study of
such networks; Second,other advantage that can be viewed here,
is that the formulation does not include any equation, either
in the objective function or in the constraints, that is

needed to specify all the paths.

The shortcomings can be viewed from its place of application.
This model will not work if the network includes more than one

critical path.

C) Time and ease of solution. Since the problem is not linear,
then some difficulties will be faced in trying to solve it.
But the relative time of solﬁtion will smaller than the other
forthcoming formulation, since identification of every path is

not needed.
4,2.2 Second Alternative:
In this formulation, integration of the +two previous

formulations will be presented.

Step I: The decision variables are exactly the same as the
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previocus decision variables.

Step II: In this alternative the.first constraint is also the

limited availability of the total amount invested.

Y re

+Erv, <K (4.23)
(1) (13) .

Similarly, there is an upper 1limit for the amount to be

invested in activity (ij).

<
iy — i)

i) i)

Step III: The objective function is to maximize the path with

the minimum probability.

Maximize Z = minimum of

~

[(CT=% B ) v (T=L B) peeeees (T-F f) 1]

1
(1yrep1 (1))rep2 (1jrepn 13 P°
') of vV T ofj ) ofj
(1J)EP1 3 (1J)ep2 (1§)eEpn

where pl, p2,...,pn are all the routes from the initial node

to the terminal node.

The formulation becomes as follows:
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Maximize Z = minimum of

~

[(CT=F &) v (T=F B,) eeeees (T=F )]

(lj)Epllj P (13)ep2 (1j)E€pn L) pn
V'Y o-fj \/}:afj Voo
(1))€Ep1 (ijJ)eEp2 (1j)€Epn J_
Subject to
Y re + %} rv < K

A) Application. This formulation is treated according to goal
programminé, which is a very useful tool for dealing with
problems where several objectives must be considered
simultaneously. However, it does not require establishing
goals for all of the objectives, ana it is not always possible
to do this in a meaningful way. In particular, some objectives
are open-ended and it is required to make as much progress
toward them as possible. In this case our several objectives
are to.'maximize the probability for each path as much as
possible and this will be achieved by maximizing the minimum
progress toward all quectives. This formulation is an exact

one, and if solved will give us the required information.
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B) Advantages and shortcomings. As mentioned above the
advantage of this formulation is that it gives us an exact

solution for the problem.

The shortcomings come: First, from the need of identification
of each route 1in the objective function; second, the

nonlinearity in the objective function.

C) Time and ease of solution. Concerning this alternative, the
time factor will depend on the number of paths, in other
words, the complexity of the network that will affect the time

taken to solve the problem.

The difficulties in solving this alternative arise from the
nonlinearity in the objective functions which comes from two

factors: First, the overall objective function in its present

state
Maximize 2Z = minimum {Z,:2,,...,Z2}

certainly does not fit into a linear programming format. This

problem can be reformulated as follows [13]:

1. An artificial variable z is introduced, to represent the

minimum value among the K objectives.
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z = minimum {(2,,2,,...,2}.

By introducing the artificial variable the overall objective

function can be written as
Maximize 2 = z,

which is a legitimate linear programming objective function.
The remaining question is how to incorporate the definition. of
z directly into a 1linear programming model. The definition

implies that[13]:

each of the above constraints represent the preobability of its

respective route, in terms of the Z statistics.

These inequalities are legitimate - linear programming
constraints (after bringing all the variables to 1left-hand
side for proper form). Furthermore, the definitions also
implies that one or more of these constraints (the one with

the smallest right-hand side) will hold with equality.
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Therefore, z is simply the largest quantity that satisfies all

K of these constraints, which condition is already ensured by
maximizing 2 = z. Consequently, the equivalent 1linear

programming model is[13]:

Maximize Z = z

Subject to
n
Ye x —z >0 for k =1,2,...,k

X >0 for j=1,2,...,n,

and

any other 1linear programming constraints in the original

model.

Second, the nonlinearity which comes from the division
operations and and the square root. These nonlinearity factors

can be solved by an appropriate procedure.

Note:

The logic in constructing the preceding two modéls have
something in common. They both optimize the allocation of a
fixed ahount of fund among the activities. This amount of fund
covers the initial investments of that activities with no
provisions for the operating cost.

The two model can be simply modified by replacing the
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constraints in Eqs. (4.18), and (4.23) by the following

constraints

Y mgre,

+ re”+}:nsrv j+ rv .= K (4.24)
(N (s

j .

)X mqrelj+ relj+ Y nsrv

+rv, <K (4.25)
an axm

i) J

4,2,3 Third Alternative: This alternative is different from
the preceding, because it minimizes the cost instead of
maximizing the probability, subjects to constraints that
warrant the required level of certainty and the amount to be

invested within the feasible duration.

Step I: The decision variables are exactly the same as the

previous decision variables.

Step II: Two types of constraints will be introduced. The
first one which gquarantees the required level of certainty,
and involves

T - ¥ (u,
(1J)e C

5)

e J1 22
V@)
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4,3 SUMMARY

To achieve the objective of maximizing the probability of
ending a project before a specified date, the duration and/or
the variance should be  reduced. Taking this into
consideration, three exact models are developed in this
chapter. The first two models aim at maximizing the
probability of occurrence of the least.probable path, while
the third aims at minimizing the amount of money invested. For
the first two models, two formulations are developed; the
first one with the investment cost only while the second one
incorporates the operating cost with the investment. The three
models are characterized by the nonlinearity, and the large

numbers of iterations needed to solve the models.
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CHAPTER FIVE

HeurisTiIcC METHOD

Not all Operation Research mathematical models possess
solution algorithms (methods) that always converge to the

optimum. There are two reasons for this difficulty [14]:

1. The solution algorithm may be proven to converge to the
optimum but only in a theoretical since. Theoretical
convergence says that ﬁhere is a finite upper ceiling on the
number of iterations, but it does not say how high this
ceiling may be. Thus one can éssume hours of computer time
without reaching the final iteration. Worse still, if the
iterations are stopped prematurely before reaching the
optimal, one is usually unable to measure the quality of the

obtained solution relative to the true optimum [14].

2. The complexity of the mathematical model may make it
impossible to device a solution algorithm. In this case, the

model may remain computationally unsolvable [14].
5.1 ALTERNATIVE COMPUTATIONAL METHODS.

The apparent difficulties in mathematical model computations
have forced practitioners to seek alternative computational
methods. These methods are also iterative in nature, but they

do not guarantee optimality. Instead they simply seek a good
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solution to the problem. Such methods are usually known as
heuristics because their logic is based on rules of thumb that
are conducive to obtaining a good solution. The advantage of
heuristics is that they normally involve less computations
when compared with exact algorithms. Also, because they are
based on rules of thumb, they normally are easier to explain

to users who are not mathematically oriented.

In OR, heuristics are generally employed for two different

purposes [14]:

1. They can be used within the context of an exact
optimization algorithm to speed up the process of reaching the

optimum.

2. They are simply used to a find a good solution to the
problem. The resultant solution is not guaranteed to be
optimum, and in fact, its quality relative to the true optimum

may be difficult to measure.

5.2 JUSTIFICATIONS FOR THE HEURISTIC ADOPTION.

Necessary conditions are existed to Jjustify +the use of
heuristic method, these reasons or conditions can be

summarized by the two following points:

1. The networks problems are combinatorial in nature, and each
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combination should be passed by when solving such problems.

This entails hours of computer time.

2. The complexity of the mathematical formulation due to the

nonlinearity.
5.3 PRELIMINARY INFORMATION.

Before listing the steps or the rules of thumb that will be
adopted in the heuristic procedure, +two points worth

mentioning:

1. As a starting condition, the probabilities of each path in
the network should be calculated. To make 1life easy, a
computer program written in Fortran was developed to calculate
these probabilities. Optimistic, Most 1likely, and the
pessimistic time estimates for each activity, and the
dependencies for the activities (i.e., the predecessors of
each activity are the input for the program. Complete

documentation for the program can be found in Appendix B.

2. The problem, as was mentioned previously can be stated as
follows [10]:

’ Maximize 2 = Pr[Tn({rU}) < T )
Subject to

Yyr <K
ap M
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Osrijsr_i-J
It is easy to translate the objective in the mathematical
program of the previoﬁs model from a statement on probability
to a statement on duration and variance. For it is clear that
the durations and the variances to node n equal to the sum of
the durations and the variances along each path leading to to

node n.

By assumption, an additional investment re > 0 shifts the
density function to the 1left such that +the new average
duration ﬁ is strictly smaller than the original average
duration p. Also the additional investment rv >0 reduces the
new variance such that o°is strictly smaller than the original

o2 Consequently [10],

Pr{ T (r) < t] = F (t) > Pr[ T < t] = Fo (t) (5.1)

for all t > t1 for sone t1 in the interval 0 < t1 < H.

Furthermore, by the céntinuity and linearity of ﬁ and o in r,
it is deduced that PrJ[ %n < t ] increases with increasing r;
That is, the probability, which is better written as Pr( %n <
t Iinvéstment = r ], 1is itself continuous and monotone

nondecreasing function r at for any fixed t [10].

Hence, maximizing % is equivalent to minimizing the E [ T ]
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and ¢, and the new program can be written as
n

Maximize S =¥ (u -~ )Yy +¥ (@ - 0o ) (5.2)
1) 1] 1}
(5 an
Subject to

1) 1)

5.4 HEURISTIC PROCEDURE.

1. Calculate the probability of each path connecting the
source node with the sink node. This step can be abolished if
previous knowledge of the most critical paths are available

(i.e., previous projects of similar nature.)

2. Decide on the 1level of criticality (i.e., specify the
probability under which the probability of a path will be

considered critical.)

3. Rank the critical paths in a descending order according to

their level of criticality.

4. Maximize the probability of occurrence of the most critical

path (i.e, least probable.) according to Eg. (5.2).
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The second shortcoming, which is rarely to be occurred,
happens when the amount of additional investment is very high
and the previous probabilities, with considerable number of
paths, are low. This will entail going through many iterations

to reach the required solution.

Note:

The logic in constructing the preceding heuristic is similar
to the first two alternatives mentioned in Chapter Five. They
both optimize the allocation of a fixed amount of fund among
the activities., This amount of fund covers the initial
investments of that activities with no provisions for the
operating cost. The new modified constraints are the same as

Egs. (4.24), and (4.25).

A case study that will clarify the heuristic procedures is

found in Chapter Six.
5.6 SUMMARY

To avoid the difficulties associated with the exact models
developed in Chapter Four, a heuristic is developed in this
chapter, the heuristic is characterized by its nonlinearity
and its iesser number of iterations if compared with exact
methods. A mechanism for testing the heuristic has not been
developed and the quality of the solution is not guaranteed to

be optimal.
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CHAPTER SiX

Case Stupy

To illustrate the use of the heuristic approach developed

previously, a case study example is considered.
6.1 CASE PROBLEM: LAUNCHING A NEW PRODUCT

It will be assumed that there are no experience with similar

products which entails the use of PERT.

6.1.1 Time And Cost Information for Launching the Product:
The activity description, the three time estimates, are viewed

in Table 6.1.

Because of the complexity of the problem and the 1large
expected number of the paths, only half of the project will be

dealt with.

6.2 PROBLEM SOLUTION

6.2.1 Paths Probabilities cCalculations:
Calculating the probabilities of every path is the first step

in the heuristic. Of course this needs constructing the PERT

network, calculating the expected duration for each activity
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Table 6.1. Time Estimates and Activity Description.

Activity description Optimistic Most Likely Pessimistic
(days) (days) {days)

Develop product planning 36 . 60 84

specifications

Develop price demand 24 30 36

schedule

Conduct market research 42 60 78

Conduct engineering 49 70 91

research

Establish distribution 68 80 92

outlets

Conduct patent research 7 10 13

Develop laboratory model 66 20 114

Conduct product appraisal 31 40 49

Prepare cost estimates 38 50 62

Design final product 62 80 98

Conduct profit and loss 24 30 36

analysis

Determine price 50 65 80

and their respective variance, a knowledge of the maximum
expected duration of the project, and the proposed duration
for ending the project (i.e., the duration at which the
probability is to be maximized). From the interrelationships
among the activities, an activity network was developed, the

activity network is shown in Figure 6.1 and was developed
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Figure 6.1. Activity Network for "Launching a New Product."

According to Eg. (2.1), the expected duration for the first

activity is equal to:

36 + 4x60 + B4
6

t =

e

= 60 days

According to Egq. (2.2) the variance is equal to

To simplify the solution, the program in Appendix B, is used
to calculate:

1. The expected duration.
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2. The variance.

3. Early start, early finish, late start, and the late finish.

4. Total float, free float, intermediate float, and the
independent float.

5. All the paths leading from the source node to the sink
ncede.

6. Rank the paths in a descending order according to their

level of criticality.

The input for the program is the activities three time
estimates, the predecessors of each activity, the required
duration and the level of criticality. The outputs of the

program that are of concerned are summarized in Table 6.2.

From the output of the program the maximum expected duration
was 340 days, so 350 days is chosen as the pilot duration for

ending the project.

Providing the program with this duration, all the paths and
their respective probabilities were resulted and are shown in

Table 6.3.

6.2.2 Choosing the Level of Criticality:
The choice of the level of criticality is a decision made by
the top management level in +the company organiiation and

depends on many factors among which are, the overall
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Table 6.2. Summery of The Program Output.

Activity Number Expected Value Variance
{days)* {(days)

1 60 64

2 30 4

3 60 36

4 0 0

5 0 0

6 70 49

7 80 16

8 90 64

9 10 1
10 0 0
11 40 9
12 50 16
13 80 36
14 30 4
15 65 25
le 0 0

* The days with zero expected durations are dummy activities

strategies and polices of the company, the investment rate of
return, competition c¢riteria, and the degree of risk the

company is willing to take or can withstand.

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



87

In this case study a 90% criticality 1level is chosen. This

number is chosen arbitrarily.

6.2.3 Cost Information:

Before proceeding with our problem, the normal and the crash
costs for the expected duration and the variance should be
identified. Of course these costs estimates are not set
hub-hazardly, but need extensive studies and experience. For
illustrative purposes, the costs were chosen to be reasonable

as much as possible.

Along with our objective, the slope m, and the y intercept m_
for the duration cost curves, with the slope n, and the vy

intercept n for the variance cost curve were calculated.
[+

Also the value of g (the decrease in duration due to one unit
increase in the investment) in Eqg. (4.8), and the value of s
{the decrease 1in variance due to ohe unit increase in the

investment) in Egqg. (4.16).
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Path Number Path Routing Probability
(%)
1 2-7-14 100.000
2 2-7-15-16 100.000
3 3-6-8-11-13 76.115
4 3-6-8~-12-15-16 85.993
5 3-6-8-12-14 99.993
6 3-6-9-10-12-15-16 100.000
7 3-6-9-10-12-14 100.000
8 3-6-9-10-11-13 100.000
S 2*4—6-8—11—13‘ 99.916
10 2-4-6-8-12-15-16 95,983
11 2-4-6-8-12~14 100.000
12 2-4-6-9-10-12-15-16 100.000
13 2«-4-6-9-10-12-14 100.000
14 2-4-6-9-10-11-13 100.000
15 1-5-6-8-11-13 74.857
16 1-5-6-8-12-15-16 84.375
17 1-5-6-8-12-14 99.982
18 1-5-6-9-10-12-15-16 100.000
19 1-5-6-9-10-12-14 100.000
20 1-5-6-9-10-11-13 100.000
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To make things easier Eqs (4.8),(4.9e),{4.16), and (4.17) are

rewritten:
L= u + qr; -u/r < g <0 (6.1)
; =m + my + mgqr + r (6.1a)
32 = 0% + sr ; -ozlr < s <0 (6.2)
é =n +no, + nsr + r (6.3)

All the mentioned were calculated and can be viewed in

Table 6.4.

6.2.4, The heuristic Iterations:

The number of heuristic iterations depend mainly on the
additional amount to be invested. If this amount is large
compared with the normal cost, the number of iterations will
be increased. Also the number will increase when the number of
paths, having probabilities 1less than the level of

criticality, is large.

Two problems will be investigated; the first one will take
into account the optimization of the additional investment
with no provision to the operating cost. The second will

manipulate the problem from the two aspects mentioned lately.
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A) The first problem. According to our level of criticality

and referring to Table 6.4, four paths meet the conditions of

the heuristic. These paths, ranked in descending order, are:

1. 3-6-8-12-15-16 probability = 85.992
2. 1-5-6-8-12-15-16 probability = 84.375
3. 3-6-8-11-13 probability = 76.115
4, 1-5-6-8-11-13 probability = 74.857

Path number four are the most critical path.
is to maximize its probability of occurrence

investment,.

- B

So the first step

by the additional

Knowing that the total normal cost equals 366700 JD, and the

total crash cost equals 1239850 JD, the additicnal amount to

be invested is chosen to be 600000 JD.

A.1 First iteration

4. 1-5-6~8-11-13 probability = 74.857 %

Recalling Eq. (5.2).

Maximize S = (u - p ) + L (0o,

Subject to
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The problem can be written as follows:

Maximize S = q.re, + s.xrv. + qre_+ srv_+ qre + srv -+
11 11 56 . 5 'S & 6 6 6
+ + + +
dgre, + Sgrvy 9%, 51TV 935%3

s rv + e + s
13 13 q3r 3 3rv3

Subject to
re, < 40000 v, < 45000
re < 150000 rv, < 24000
re < 114285.71 rv, < 60000
re, < 62500 rvus 30000
re < 15000 rv _< 31250
13— 13—
re,6 < 133333.33 rv, < 40000

e+ rv+re+ rv+re+ rv+re + rv + re + rv < 313000
1 1 6 6 8 8 11 11 13 13 -

re+ rv+ re+ rv+ re+ rv+re + rv + re + rv < 287000
3 3 6 6 8 8 11 11 13 13

re, rv,, re, rv,, re, rv, re, IV, Tre. IV, Ie,

1’

rv, > O
3

After substituting the values of s, q from Table 6.4 in the
previous linear formulation, the problem is solved using the

QSB package.

The values of the results were as follows:

re = 40000 rv, 45000

re, = 19000 rv, 40000
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v, = 24000

re, = 112750 rv = 60000

rv = 31250
13

Expected duration for path four = 280.5375 days

1

Variance for path four 103.0000

Probability = 100 %

Expected duration for path three 294.8375 days

82.000

Variance for path three

Probability = 100 %

According to the heuristic approach, paths numbers four and
three are no longer critical, and path number two is the
critical path now. Next, maximize the probability of
occurrence of the three paths.

A.3 Third iteration,

2. 1-5-6-8-12-15-16 probability = 84.375 %
3. 3-6-8-11-13 probability = 76.115 %
4, 1-5-6-8-11-13 probability = 74.857 %

The amount invested on path four

600000

= {9=.74857)+(.9=.76115)+(.9-84375) X (0:97-74857)

262194 JD
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The amount invested on path three

600000

= {75=74857)+(.6-.76115)+(.9-84375) ¥ (0-9-.76115)

240412 JD

The amount invested on path two

600000

= {.9-.74857)+(.9-.76115) (. 9-84375) ¥ (0-9-.84375)

97394 JD

The problem can be written as follows:
aximi -
Maximize S qre + s, IV, + qre. + s rv, + q.re, + 8V, +

e + srv + + + e +
qu 8 Br 8 qlirell sllrvll q13r 13

S rv + re + s + + v +

13 13 q.‘! 3 3rv3 qizrexz s"1.2 r 12
re + s

q15 15 15 rvlS

Subject to

re < 40000 rv; < 45000
re, < 150000 rv, < 24000
re, < 114285.71 rv, < 60000
re < 62500 rv < 30000
re13$_ 15000 rvns, 31250
re, < 133333.33 rv_ < 40000
re < 66666.67 rv < 16000
re < 28571.43 rv < 44680.85

e+ rv+ re+ rv+ + + re + + + rv < 262194
r1 r1,r5 srea rvaru rvu renrw_

<
re3+ rv3+ re6+ rv6+ re8+ rv8+ re“+ rvn+ re13+ rvn < 240412

+ + + + + + rv,_ < 394
re1 rv1+ 1:'&!'s rv6 re8+ rv8+ re12 rv12 rtez15 r 15 = 9739

re, rv,, re, rv, re, rv, re , Irv re_, rv., re,

rv_+ + + re + >
3 rem rvm r 15 Vig 2 0

296
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After substituting the values of s, g from Table 6.4 1in the
previous linear formulation, the problem is solved using the

QSB package.

The wvalues of the results were as follows:

28823

rv
1

40000

1

re = 52662 rv
3 3

rv, = 24000

re = 62500 rv. = 30000
11 11
rv. = 16000
12
rv13= 31250
rel= 28571

I

Expected duration for path four 320.0000 days
Variance for path four = 151.7062

Probability = 99,245 %

Expected duration for path three 304.2014 days

Variance for path three = 121.0000

Probability = 100 %

Expected duration for path two 315.0000 days
Variance for path two = 164.7062

Probability = 99.674 %

According to the heuristic approach, paths numbers four,

three, and two are no longer critical, and path number one is
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the critical path now. Next, maximize the probability of

occurrence of all the four paths.

A.4 Fourth iteration.

1. 3-6-8-12-15-16 probability = 85.993 %
2. 1-5-6-8-12-15-16 probability = 84.375 %
3. 3-6-8-11-13 probability = 76.115 %
4., 1-5-6-8-11-13 probability = 74.857 %
The amount invested on path four
600000
= {.9=.74857)+(.9-.76115)+(.9-84375)+(.6-.85993) % (0-2-.74857)
= 235018 JD
The amount invested on path three
600000
= {79-.74857)+(.9-.76115)+(.9-84375)+(.0-.85993) % (0-9-.76113)
= 214355 JD
The amount invested on path two
600000
= {.9-.74857)+(.9-.76115}+(.9-84375)+(.9-.85993) % (0.9-.84375)

= B6850 JD

The amount invested on path one

600000
(.9-.74857)+(.9~.76115)+(.9-84375)+(.9-.85993)
= 63747 JD '

X (0.9-.85993)
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The problem can be written as follows!

Maximize § =

+ + + + e + srv +
qlrei slrvl qsres Ser5 q6r 6 56 6

99

+
q.re, + 5,rV, + q,.re, + SR q,.Te,, +
SRR + qre, + 8TV, + q.,re., + 85, TV, +
9,s¥ €5 * S5
Subject to
re, < 40000 rv, < 45000
re < 150000 rv, < 24000
res_g 114285.71 rvh‘g 60000
re < 62500 rv, < 30000
1 11
re < 15000 rvm;:_ 31250
re, < 133333.33 rv, 40000
re < 66666.67 rv, < 16000
re < 28571.43 rv, < 44680.85
+ +
rel-i- rv + re, rv6+ re + rvg reu-i- rvu-f- re .+ rv,, < 235018
re3+ rv3+ re6+ rv6+ re8+ rva+ reu+ rvu-i- re13+ v, < 214385
re1+ rv1+ re6+ rv6+ re8+ rv8+ relz-}- rv12+ re15+ rvls'_<_ 86850
-+
re + rv + re + rv + ret rv.+ re + rv + re + rv, < 63747
re, ¥v, Tre, IV, re,, Ivg, re., vV ., Te ¥V .. Tre,,
0

rv + re + rv_ + re + rv _ >
3 12 12 15 15

After substituting the values of s, g from Table 6.4

in the

previous linear formulation, the problem is solved using the

QSB package.

The values of the results were as follows:

re
1

= 17850

rv

45000
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rV3 = 39750
rv, = 24000
re = 62500 rv = 30000
11 11
re = 24418 rv,_= 31250
13 13
Expected duration for path four = 306.1914 days
Variance for path four = 142.0000

Probability = 99,986 %

Expected duration for path three = 315.1164 days

Variance for path three = 121.1250
Probability = 99.921 %
Expected duration for path two = 326.0750 days
Variance for path two = 167.0000
Probability = 96.784 %
Expected duration for path one = 335.0000 days
Variance for path two = 146.1250
Probability = 89.251 %

The heuristic is stopped now because all the critical paths
were maximized, and the resultant critical path was path

number one.

So the probability of ending the project in less than or equal
to 350 days is 89.251 % which is very much near the our level

of criticality. The thing that worth mentioning is that this
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solution is not guaranteed to be optimal, and the optimal

solution could be far from this solution.

B} Second problem. In this problem, the operating cost will
be considered. The analysis are exactly the same as the
previous problem. "The only difference is in the constraints

that are related with the path.

In this problem the constraints related to the paths are set

as follows:
The amount invested on each activity constructing the path and
its operating cost should be less than the total amount to be
invested. Recalling Egs. (6.1a}), and (6.3)

; =m + mu + mgr + r

~
2
f =n + noc+ nsr +r
o

The additional cost resulting from the investment for

each activity is:
= mMXgXxXxre+re+nxsxrv+rv
Concerning the problem, the constraints for each path at

the fourth iteration will be as follows:

Path number four:
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1.5re1+ 1.6rv{+ 1.8re(+ 1.5rv6+ 1.91re8+ 1.5rvn+ 1.576re”

+ 1.9rv_+ 1.74re + 1.768rv _ < 235018
11 13 13

Path number three:

1.7125re + 1.5rv + 1.8re + 1.5rv + 1.91re + 1.5rv + 1.576re
3 3 [ & 8 8 11

+ 1.9rv. + 1.74re + 1.768rv _ < 214385

11 13 13
Path number two:
l.5re + 1.6xrv.+ 1.8re + 1.5rv + 1.91re + 1.5rv + 1l.27re

1 1 6 6 8 8 12

+ 1.9rv__+ 1.392re + 1.8225rv < B6850

12 15 15 —
Path number one:
1.7125re + 1.5rv_ 4+ 1.8re + 1.5rv _+ 1.91re + 1.5rv_+ 1.27re

3 3 6 6 8 8 12

+ 1.9rv, _+ 1.392re + 1.8225rv__ < 86850
12 15 15 —

The results of the problem are as follows:

B.1 First iteration.

re1 = 40000 rv1 = 45000
rv6 = 24000
reB = 98560 rv5= 60000

re = 625000
11

rv, = 31250
13

Expected duration = 85.50401 days

Variance =103.0000

102
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Probability = 100 %

B.2 Second iteration
re1 = 40000

re, = 26861

Expected duration for path
Variance for path four

Probability

Expected duration for path three

Variance for path three

Probability

B.3 Third iteration.

It

re 56575
11

re 28571
15

Expected duration for path four

Variance for path four

four

rv, = 45000
rv, = 40000
rv, = 24000

rVB= 60000

rv, = 31109
13

320.0000 days
103.0902

99.841 %

331.9417 days

82.0902

o

97.67

rv3 = 40000

rv, = 24000

rv. = 11381
12

rv. = 31250
13

321.8960 days

178.0000

103
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Expected duration for path
Variance for path three

Probability

Expected duration for path

Variance for path two

Probability

B.4 Forth iteration

32600

I

rv
3

I

re 62500

11

re = 4010
15

three

I

two

i

Expected duration for path four

Variance for path four

Probability

Expected duration for path three

Variance for path three

Probability

Expected duration for path two

Variance for path two

|

I

98.214 %

= 321.8960 days

= 130.0000

99.305 %

315.0000 days
185.4642

99.492 %

rv

rv =
13

320.0000 days
168.8210
98.928 %

= 320,0000 days

It

151.5210

99.245 %

332.1930 days

184.8210

45000

6179

31250
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Probability 90.320 %

Expected duration for path one

332.1930 days

Variance for path two 167.5210

Probability 91.465 %
According to this problem, path number two is the critical path

with probability of occurrence of 90.32 %

6.3 CRITERIA FOR DESIGNATING FUNDS ON CRITICAL PATH

In the previous case study, the proximity of the critical
paths to the criticality level criterion was used. In this

section two other criteria will be used:

1- Designating the same amount of money for each critical

path.

2- Omitting the constraints related to the critical paths.

To compare  the results of the three criteria, the
probabilities of iteration four for the second problem are

calculated and summarized in Table 6.5.
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Table 6.5, Comparison of The

Results for The Different

Criteria for The Second

Problem.

Criteria Probability
First 90 320%
Second 78.523%
Third 86.433%

6.4 SUMMARY

In this section the steps that should be followed in solving a
typical problem and the results of the case study are

discussed.

To start solving any problem, the following steps are to be

followed:

1- Identify the activities: Identifying the activities entail
the studying of all the alternatives associated with these
activities. This, of course, depends on the risk analysis

discussed in chapter three.

2- Build the interrelation between activities: This step is

important in order to construct the activity network.
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CHAPTER SEVEN

CONCLUSIONS AND RECOMMENDATIONS

In this research the scarcity or even the absence of subjects
dealing with the crashing in PERT networks were the major
obstacles that were faced hence, the subjects that were
discussed 1in literature review (chapter two) were lacking
previous works on this subject. The topics were merely basic
concepts that started with a brief review of the evolution of
CPM, PERT and SANs, this was followed by comparisons between
networking methods after which, a comprehensive study of PERT
was presented with emphasis on the assumptions used in the
analysis and solution in the PERT network. The concept of
crashing was then introduced followed by the different methods
used to solve mathematical formulation. The last sections were

on the optimal Time-cost trade-off in GERT networks.

Project 1initialization needs activities identification, for
each activity, several alternatives might be available. The
choice of the Dbest alternative needs evaluation of
alternatives under risk and uncertainty conditions. For this
purpose a separate chapter dealing with risk and uncertainties
was devoted. The chapter included many topics among which are;
the causés of risk and uncertainty, decision criteria and
methods for risk analysis, and risk interpretation for PERT

networks.
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In chapter four, Three exact models were developed; the first

two models aimed at maximizing the probability of occurrence
of the 1least probable path while the third model aimed at
minimizing the amount of money invested. Among the assumptions
was the 1linearity of the operating and investment cost
function. This approximation simplifies the development of the
model but on the account of the practicality of the problem
since each problem has its own cost function. For the first
two models, two formulations were developed; the first one
with the investment cost only while the second one
incorporated the operating cost with the investment. The
nonlinearity and the large numbers of iterations that will be
needed to solve the models were the common features for the

three models.

A heuristic was developed in chapter five to avoid the above
mentioned difficulties, it is nonlinear with less number of
iterations if compared with exact models. To maximize the
efficiency of the heuristic, the heuristic could be used in

two forms, according to the amount invested:

1. If the amount to be invested is small relative to the
initial investment, it is recommended to follow the heuristic
as it is, in other words, start maximizing the least critical
path and keep on adding paths until a stopping condition is

encountered
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2. It the amount to be invested is large compared with the

initial investment, it is recommended to start the heuristic
from the end, in other words, start maximizing all the
critical paths and keep on subtracting path by path until a

stopping condition is encountered.

Following these steps, the number of iterations needed to
encounter a stopping condition, will be reduced. Tec facilitate
and reduce the time of solution, a computer program written in
fortran language was developed. The first three steps of the

heuristic are among the output of the program.

In chapter six, a theoretical case study was introduced, to
test the developed program and to support the validity of the
heuristic. Two problems were solved; one with the investment
cost only and the other with the operating cost. According to
the heuristic a fixed amount of money should be allocated for
each path. In the case study three criteria were used; The
proximity to the criticality level, the same amount for each
path, and the cancellation of the constraints dealing with
this aspect. The results were according to expectations and

the, proximity to the criticality level showed better results.

Followings, are future research areas:
1. Working on the true distribution of the activity duration.
2. Finding a better estimate for the expected duration and the

variance.
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3. Using the actual nonlinear cost cost curves for time cost

trade off

Possible extensions:

1. Developing the concept of this thesis by working more on
developing criteria for designating the amount invested on
each path.

2. Developing a mechanism for testing and assessing of the
heuristic.

3. Developing an integrated program that is able to solve the
PERT network, find all the paths, and optimize the probability

of meeting certain schedule.
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107

201

301

401

533

544
601

701

801

201
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*GRAM’,6(/),20X,’PRESS ANY KEY TO ENTER’)

READ(*,301)MM

IF(MM.NE.Q)GO TO 3674

DO 107 I=1,400

ZZ(I)= 0.0

WRITE(*,201)

FORMAT (4 (/) ,5X, DO YOU HAVE AN ALREADY EXISTING DATA BAS

*E FILE [Y/N}’,$)

READ (*,301)MM

FORMAT (A1)
IF(MM.EQ.’Y’.OR.MM.EQ.’y’)GO TO 901

WRITE(*,401)
FORMAT (5(/))

DO 544 I=1,400

WRITE(*,533)1I

FORMAT(1(/),6X,’ = = NORMAL VALUES (’/,I3,’

*) =7,9%)
READ(*,601) 22 (1)
FORMAT (F11.5)
WRITE(*,701)

FORMAT(1(/),5X, "WHAT DO YOU WANT TO CALL THIS INPUT DATA

*FILE ? PLEASE ENTER YOUR FILE NAME WITH NO MORE THAN 12

*CHARACTERS, PREFERABLY IN THE FORM INDATA{}.DAT, WHERE A
* VERSION NUMBER CAN BE INSERTED INSIDE THE BRACKETS:’,$)
READ(*,’ (A) ’)FN

OPEN (2, FILE=FN, STATUS='NEW’)

DO 801 I=1,400

WRITE(2,601)ZZ (1)

CLOSE(2)

GO TO 102

WRITE(*,’ (A)’) ' ***** WHAT IS THE NAME OF YOUR INPUT DATA

* FILE 27
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READ(*,’ (A)’)FN
OPEN (2, FILE=FN)
DO 202 T=1,400
202  READ(2,601)ZZ(I)
CLOSE(2)

102  WRITE(*,29)
29 FORMAT(1(/),S5X, THERE IS A SET OF INPUT DATA FILES CORRE

*SPONDING TO DIFFERENT SYSTEMS .’,1(/),5X,’DOES YOUR SYST
*EM HAVE AN ALREADY EXISTING INPUT DATA FILE ? [Y/N] *,%)
READ (*,6961)AF

6961 format(Al)
IF(AF.EQ.’Y’.OR.AF.EQ.’y’) GO TO 4

2  WRITE(*,5)
FORMAT(1(/),16X,'ENTER YOUR MAX. # OF ACTIVITIES N ?([2]

* 7,8)
READ (*,59)N
59 FORMAT(I2)
IF(N.GT.60) THEN
WRITE(*,16)
16 FORMAT(2(//),10X,’MAX.# IS EXCEEDED,PRESS Ctrl AND C, MO

*DIFY THE DIMENSION OF B(I,J) IF YOU WANT /)
GO TO 2
ENDIF
WRITE(*,4732)
4732 TFORMAT(2(/),5X,’WOULD YOU LIKE TO CHANGE THE MAX. NUMBER

* OF ACTIVITIES [Y/N]’,$)
READ (*,301)MM
IF(MM.EQ.’Y’.OR.MM.EQ.’y’)GO TO 2

C**% NOW ENTER THE INTERCONNECTED MATRIX OF THE NETWORK B(1,J)
C**%* THE MATRIX DIM. SHOULD BE AT MOST 60*7 '

DO 28 I=1,60
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812
618
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DO 28 J=2,7
B(I,J)=-1

po 23 I=1,N
B(I,1)= I

YOU ARE GOING TO READ THE INTERCONNECTED MATRIX

WRITE(*,618)

FORMAT(1(/),21X,’[ NOW ENTER YOUR CONNECTED MATRIX ] 2?7/,

*1(/))

30

DO 35 I=1,N
WRITE(*,30)T
FORMAT (15X, 'WHAT IS THE # OF PREDECESSORS OF ACTIVITY :

x/ 12,7 2?2 1,9%)

71

35

Cx**

3923
93

97

930

READ(*,59)M

B(I,7)=M

DO 71 J=2,M+1

WRITE(*,6)I,J

READ (*,59)B(I,J)

CONTINUE

FORMAT (15X, 'B(’,12,/,',I2,") 2 ',%)
CONTINUE

HERE YOU ARE GOING TO SPECIFY THE END POINTS

WRITE(*,93)

FORMAT (2 (/) ,15X, /[ ENTER THE # OF END POINTS:? ]’,$)
READ (*,59) NLS (1)

DO 930 I=1,NLS(1)

WRITE (*,97)T

FORMAT (15X, END(‘,I2,7)? ’,$)

READ (*,59) LPN (I)

CONTINUE

WRITE (*,7891)
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7891 FORMAT(2(/),5X,  WOULD YOU LIKE TO CHANGE ANY OF YOUR ACT

*TVITY NETWORK PREDECESSORS [Y/N]’,$)
READ (*,301)MM
IF(MM.EQ.’Y’.OR.MM.EQ.‘y’)}GO TO 812

599  WRITE(*,253)
253 FORMAT(24(/),15X,’[ NOW ENTER ACTIVITY DURATIONS, REAL F

*TELD 1/,%)
DO 10 I=1,N
WRITE(*,11)I
11 FORMAT{(1(//),5X,’THE THREE TIME ESTIMATES OF ACTIVITY /,

*I2,'ARE:= ')
WRITE(*,333)

333 FORMAT(1(/),3X, ENTER THE OPTIMISTIC TIME')
READ(*,82)X
WRITE(*,222)

222 FORMAT(1(/),3X, ENTER THE MOST LIKELY TIME’)
READ (*,82)WW
WRITE(*,111)

111 FORMAT(1(/),3X,’ENTER THE PESSIMISTIC TIME')
READ(*,82) 2

82 FORMAT(FS5.2)
D(I)=(X+4*WW+2) /6.0

cc(I)=D(I)
V(I)=((2-X)/6.0)**2
VV(I)=V(I)

10 CONTINUE
WRITE(*,587)
587  FORMAT(2(/),5X, /WOULD YOU LIKE TO CHANGE YOUR ACTIVITIES

* DURATION (Y/N1’/,%)
READ(*,301)MM
IF(MM.EQ.’Y’.OR.MM.EQ.’y’)GO TO 599

352  WRITE(*,9754)
9754 TFORMAT (24(/),5X,’ENTER THE REQUIRED DURATION’)

DO 1479 I=1,N
WRITE(1,82)CC(I)
1479 CONTINUE

WRITE(1,15) - ) S
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64

91
83

260

250

6983

2369

WRITE(1,15)

DO 1389 I=1,N
WRITE(1,*)VV(I)
CONTINUE
WRITE(1,15)
WRITE(1,*)Q
WRITE(1,15)
WRITE(1,59)NLS (1)
DO 83 I=1,NLS(1)
WRITE(1,91)LPN(I})
FORMAT (5X,I3)
CONTINUE

CLOSE(1)

go to 3

WRITE(*,’ (A) ') ’*%%x%* WHAT IS THE NAME OF YOUR INPUT DATA

* FILE ?'
READ(*, ? (A) /) FN
OPEN (1, FILE=FN)
READ(1,59)N
DO 250 I=1,N
DO 260 J=1,7
READ(1,52)B(I,J)
CONTINUE
READ(1,15)
CONTINUE
READ(1,15)
READ(1,15)
READ(1,15)

DO 6983 I=1,N
READ(1,82)D(I)
CONTINUE
READ(1,15)

DO 2369 I=1,N
READ(1,82)CC(I)
CONTINUE

T T ENEIEREF YTt e v g Y e s~
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9412

284
323

666

857

586

FORMAT (T2)

DO 9412 J=2,7
B(N1,J)=-1
CONTINUE
WRITE(*,30)N1
READ (*,59)M1
B(N1,7)=M1

DO 284 R=2,M1+1
WRITE(*,6)N1,R
READ (*,59)B{N1,R)
CONTINUE
CONTINUE

ENDIF

GO TO 627

WRITE(*,496)

READ (*,59)} N5

DO 857 I=1,NS

WRITE (*,936)1

READ (*,937)}N2
WRITE(*,11)N2
WRITE(*,333)
READ (*, 82) X1
WRITE(*,222)
READ(*,82) X2
WRITE(*,111)
READ(*,82)X3
D(N2)=(X1+4*%X2+X3) /6
CC (N2)=D(N2)
V(N2)={((X3-X1)/6)**2
VV(N2)=V(N2)
CONTINUE

GO TO 627

DO 143 I=1,N
K=3

124

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



763
629
143

CH*k*

57

58

519

AA(I,1)=I
AA(I,2)=0

DO 629 M=1,N

DO 763 J=2,6
IF(B(M,J) .NE.I)GO TO 763
AA(I,2)=AA(I,2)+1
AA(I,K)=B(M,1)
K=K+1

CONTINUE
CONTINUE
CONTINUE

CALCULATIONS OF EARLY STARTS
DO 56 I=1,N

DO 57 J=1,6

K4 (J)=0.0
IF(B(I,7).EQ.0)THEN
ES(I)=0.0

ELSE

IF(B(I,7).EQ.1) THEN
ES(I)=CC(B(I,2))+ES(B(I,2))
ELSE

IF(B(I,7).GE.2)THEN
KO=B(I,7)

DO 58 J=1,KO

K4 (J)=CC(B(I,J+1))+ES(B(I,J+1))

CONTINUE
AMAX1=K4 (1)
DO 519 J=2,KO

IF (AMAX1.LT.K4(J)) AMAX1=K4(J)

CONTINUE
ES(I)=AMAX1
ENDIF
ENDIF
ENDIF

125
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C** %%

9012

GO

61

9145

66

CONTINUE

CALCULATIONS OF LATE FINISHS

ILS=0
DO 9012 IJ=1,6
K2 (IJ)=0.0

DO 60 I=1,N
IF(AA(I,2).EQ.0)THEN

ILS=ILS+1 7

K2 (ILS)=ES(AA(I,1))+CC(AA(I,1))
ENDIF

CONTINUE

AMAX2=K2 (1)

DO 61 I=2,ILS

IF (AMAX2.LT.K2(I)) AMAX2=K2(I)
CONTINUE

DO 9145 J=1,6
K3(J)=0.0

DO 62 I=1,N
J=N-I+1
IF(AA(J,2).EQ.0) THEN
LF (J) =AMAX2
ELSE
IF(AA(J,2).EQ.1) THEN
LF(J)=LF (AA(J,3))-CC(AA(J,3))
ELSE ‘
IF(AA(J,2).GE.2) THEN
K8=AA(J, 2)
DO 66 L1=1,K8

K3 (L1)=LF(AA(J,L1+2))-CC(AA(J,L1+2))

CONTINUE

126
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62

C* % k&

14

75

AMIN1=K3 (1)

DO 63 M=2,K8 .
IF(AMIN1.GT.K3 (M)}) AMIN1=K3 (M)
CONTINUE

LF(J)=AMIN1

ENDIF

ENDIF

ENDIF

CONTINUE

HERE ARE THE CALCULATIONS
DO 14 I=1,N

EF(I)=ES(I)+CC(I)

LS(I)=LF(I)-CC(I)

TF(I)=LF(I)-EF(I)

IF(AA(I,3).EQ.0) ES(AA(I,3))=LF(I)
FF(IL)=ES(AA(I,3))-EF(I)
IDF(I)=(ES(AA(I,3))-LF(B(I,2)))-CC(I)
ITF(I)=TF(I)-FF(I)

CONTINUE

DO 75 K=1,15

LOC(K,2)=1

K=1

MNB=LOC (K, 2)

DO 101 I=1,N

DO 90 J=3,15

M=J

IF(B(I,J).EQ.-1) GO TO 95
LOC(K, 2)=LOC(K,2)+1

127
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LOC(K, 1) =1
90 CONTINUE
IF(M.GE.4) K=K+1
IF (LOC(K,2) .GT.MNB) MNB=LOC(K, 2)
101 CONTINUE

]
[

C*** PRINTING THE INTERCONNECTED MATRIX

WRITE(3,604)
604 FORMAT(2(/),5X,’THE INTERCONNECTED MATRIX IS :’,1(/),5X

*,30('-7),2(/))
MNL=K-1
po 110 I=1,N
DO 115 J=1,7
WRITE(3,51) B(I,J)
51  FORMAT(2X,I3,$)
115 CONTINUE
WRITE(3,15)
15 format(1x)
110 CONTINUE

Cx**% HERE IS PRINTING OF OUTPUT RESULTS

3856 WRITE(3,21)
21 FORMAT(5(/),29X,’THE OUTPUT RESULTS ARE :/,1(/),29X,24(’

*=7),1(/))
WRITE(3,1576)
1576 FORMAT (3X, ACTIVITY’,3X, ’DURATION’,3X, ’EARLY START’,3X,’

*EARLY FINISH’,3X,’/LATE START’,3X,’LATE FINISH’,1(/),3X,8
*(r-1),3X,8(/="),3X,11('="),3X,12('~"),3X,10("'-") ,3X, 11 (’

*=1))
DO 1623 I=1,N

WRITE(3,17)I,CC(I),ES(I),EF(I),LS(I),LF(I)

All Rights Reserved - Library of University of Jordan - Center of Thesis Deposit



17
1623

4912

3691

18

20
19

9000

977

9239
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FORMAT (5X,I2,6X,f6.1,7X,f6.1,9%X,f6.1,8X,£6.1,8X,f6.1)
CONTINUE

WRITE(*,4912)

FORMAT (1(//),3X,’ENTER YOUR CRITICALITY LEVEL ',$)
READ (*,3691) WX

FORMAT (F6.5)

WRITE(3,18)
FORMAT(2(/),3X, 'ACTIVITY’,3X, TOTAL FLOAT',3X,’FREE FLOA

*T¢, 3%, 'INTER.FLOAT’, 3X, INDP. FLOAT’,1(/),3X,8('~"),3%,1
*1(7-),3X,10("="),3X,12('-"),3%X,11('="))

DO 19 I=1,N

WRITE(3,20)I,TF(I),FF(I),ITF(I),IDF(I)

FORMAT (5X,I2,8X,f6.1,7X,£6.1,8X,£6.1,8X,£6.1)

CONTINUE

DO 9000 IL=1,NLS(1)
CALL PATH(PP,FP,LB,LLB,KA,LPN,K1,N,NP,LOC, B, MNL, MNB, KX, I

*z,IA,II,KLS,IL,KQ,CC,VV,Q,2%,W1,W2,W3,W4, WX, MAX)

continue

WRITE(%,977)
FORMAT (3 (/) ,3X, 'CHOOSE ONE OF THE FOLLOWING:’,2(/),’ 1.

*ENTER NEW PROBLEM’,1(/),’ 2. QUIT TO DOS’)
READ(*,698)JZ

IF(J2.EQ.1)GO TO 102

IF(JZ.EQ.2)GO TO 9239

STOP
END
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11

13

719

BEGINING OF PATH SUBROUTINE

130

SUBROUTINE PATH(PP,FP,LB,LLB,KA,LPN,K1,N,NP,LOC,B,MNL, MN

*B,KX,I1%,IA,II,KLS,IL,KQ,CC,VV,Q,2%Z,W1,W2,W3,W4, WX, MAX)

REAL CC(60),VV(60),ZZ(400),W2(20),W4(20) ,MAX

INTEGER PP(1025,25),FP(20,25),L0C(20,2),LPN(5),KQ,LOA,W1

*(20) ,K1(20),KA(20),LB(1025),LLB{1025),B(60,7),R,H,W3(20)

NP=1
DO 111 J=1,15

NP=NP*LOC(J, 2)

CONTINUE

DO 11 I=1,NP
DO 11 J=1,25
PP(I,J)=-1

DO 13 I=1,150
DO 13 J=1,25
FP(I,J)=-1

DO 719 I=1,15
KA(I)=-1
K1(I)=0
CONTINUE

KX=LPN(IL)

DO 1000 R=1,NP
PP(R, 1)=LPN(IL)

IF(LOC(15,2) .GT.1}) THEN
DO 72 J=1,L0C(15,2)-1
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600

77

II=LOC(15,1)
JI=J+1
KR=J+2

IA=B(II,JJ)
B(II,JJ)=B(II,KK)
B(II,KK)=IA

CONTINUE
K1(1)=K1(1)+1
ELSE

KA(1)=0

ENDIF

IF(K1(1) .EQ.LOC(15,2)+1.0R.KA(1).EQ.0) THEN
IF(LOC(14,2).GT.1) THEN

po 77 J=1,LOC(14,2)-1
II=L0C(14,1)

JI=J+1

KK=J+2

IA=B(II,JJ)
B(II,JJ)=B(II,KK)
B(II,KK)=IA

CONTINUE
K1(2)=K1(2)+1
ELSE

KA(2)=0

ENDIF

ENDIF

12=L0C(14,2)

IF(KA(1) .EQ.0) IZ=IZ+1
DO 839 KIS=3,15
IRF=16~KIS

— = — - —_ - —

DO 814 MOS=2,14

131
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ELSE

IF(LOA.LT.-400) THEN

P1=0.0

ELSE

IF({LOA.LT.0) THEN

Pl=1.-2Z (ABS (LOA))

ELSE

P1=%% (LOA)

ENDIF |

ENDIF

ENDIF

IF(P1.LE.WX) THEN

IS=IS+1

W1(IS)=KQ

W2 (IS)=P1

ENDIF

WRITE(3,321)P1,YV,VY
321 FORMAT(1(//),3X, THE PROBABILITY OF OCCURRENCE IS ’,F9.5

x, f D=1,
*F10.5,’ V = '/, F10.5,$)
WRITE(3,15)

15 FORMAT (1X)

ENDIF
ENDIF

140 CONTINUE
WRITE(3,669)KQ

669 FORMAT(3(/),3X, THE NUMBER OF THE PATHS IS :’,’(’,I3,’ )
*7)
DO 1592 I=1,IS
MAX=W2 (1)
K=1
DO 4169 J=2,1IS
IF(MAX.GT.W2(J))GO TO 4169
MAX=W2 (J)
K=J
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1592

29128

3982
1180
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CONTINUE

W3 (I)=W1(K)

W2 (K) =0

W4 (I)=MAX

CONTINUE

WRITE(3,9128)

FORMAT (4 (/) ,3X,’THE CRITICAL PATHS RANKED IN DESCENDING

*ORDER ARE’,$)
DO 1180 I=1,1S
WRITE(3,3982)W3(I),W4(I)
FORMAT(2(/),2X,’CP. ’,I2,3X,F9.5,%)
CONTINUE
RETURN
END

END OF PATH SUBROUTINE
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